Introduction
For a detailed investigation of vector lattices consisting of continuous functions on a locally compact Hausdorff space, finite functions, i.e., continuous functions with a compact support, play an important and natural role. Finite elements, which have been introduced in [6] for arbitrary Archimedean vector lattices, comprise some abstract analogon of such functions.
For an Archimedean vector lattice containing nontrivial finite elements it is natural to look for representations as a vector lattice of finite-valued continuous functions on a locally compact space S, where the finite elements are represented as finite functions. More precisely, a
pair (E(S), i) is called a representation of a vector lattice E, if E(S) ⊂ C(S) is a vector lattice (of continuous functions) and i : E → E(S) is a vector lattice isomorphism.
One basic result is obtained for vector lattices of type (Σ). A vector lattice E, not possessing any order unit, is called of type (Σ), if E contains a sequence of elements (e n ) ∞ n=1 with the following properties: e 1 ≤ e 2 ≤ . . . ≤ e n ≤ . . . , and for any x ∈ E there exist n ∈ N and C > 0 such that |x| ≤ Ce n .
In [6] among others the following result is proved (Th. 4 
.3): Let E be a vector lattice of type (Σ). For the existence of a representation E(S) on some σ-compact locally compact space S such that any finite element is represented as a finite function and the finite functions belonging to E(S) strongly separate the points of S, it is sufficient, and if the vector lattice E is uniformly complete, also necessary, that in E there exists a countable set of finite elements such that for any discrete functional f on E,
i.e., f is linear and f (x ∧ y) = f (x) ∧ f (y), there is a finite element ϕ ∈ E with f (ϕ) = 0.
For further details of representations and also for a topological characterization of finite and totally finite elements see [6] - [11] .
Further on, E (or if the cone E + has to be explicitly mentioned, (E, E + )) denotes an Archimedean vector lattice (synonymously, Archimedean Riesz space). If E is equipped with a lattice norm then (E, E + , · ) always will assumed to be a Banach lattice. Definition 1.1 An element ϕ ∈ E is called finite, if there is an element z ∈ E satisfying the following condition: for any element x ∈ E there exists a number C x > 0 such that the following inequality holds |x| ∧ n |ϕ| ≤ C x z for all n ∈ N.
(1.1)
The element z is called an E-majorant or briefly a majorant of the finite element ϕ. The set of all finite elements of a vector lattice E is denoted by Φ 1 (E) and forms an ideal, i.e., a solid linear subspace of E. Definition 1.2 A finite element ϕ ∈ E is called totally finite if it has an E-majorant z belonging to Φ 1 (E).
The set of all totally finite elements of a vector lattice E is also an ideal which is denoted by Φ 2 (E). In general one has {0} ⊂ Φ 2 (E) ⊂ Φ 1 (E) ⊂ E, where all inclusions might be proper (see [11] ).
Recall some definitions, notations and simple facts in a vector lattice (E, E + ) which will be used further on. For details see [1] and [5] .
First of all a set B ⊂ E is called a band if it is an order closed ideal, i.e., the limit (in E) of any order convergent net of the ideal B belongs to B. Two elements x, y ∈ E are called disjoint written as x ⊥ y, if |x| ∧ |y| = 0. For any nonempty subset B ⊂ E denote by B d the set {x ∈ E : x ⊥ y for any y ∈ B}. The set B dd is known as the band generated by B, i.e., the smallest band that contains B. The band generated by an element u, more exactly by the set {u}, is denoted by {u} dd . According to [5, Prop. 1.2.6] each positive element x ∈ {u} dd can be represented as
In this case any element x ∈ E has a unique representation
is a positive projection. If {u} dd is a projection band then P {u} dd is denoted by P u . In this case (see [1, Th. 3 .13])
In a Dedekind complete vector lattice any band is a projection band. An element u ∈ E + is an order unit, if for each x ∈ E there is a λ ∈ R with −λu ≤ x ≤ λu.
In [3] we introduced the notion of a generalized order unit for vector sublattices. For a sublattice X of E, an element z ∈ E + is called a generalized order unit of X if for each x ∈ X there is a real number C x > 0 with |x| ≤ C x z.
In this paper we continue the investigations of finite elements in vector (mostly Banach) lattices we have started in [3] . We will consider some natural questions which can be briefly described as follows: Let E be a Banach (or vector) lattice and H a vector sublattice of E. Then it is of interest to study the relations between Φ 1 (E) and Φ 1 (H). More precisely, do the following relations hold ?
We will show that in general the answers to these questions are negative, even if H is supposed to be a more qualified sublattice (e.g., an ideal or a band). Some sufficient conditions and counterexamples are also provided.
If E is a vector lattice, H a vector sublattice of E and x ∈ H, then x generates bands both in H and in E which in general might differ. Therefore, further on we will denote them by {x} dd H and {x} dd E , respectively. Let E be a Banach lattice and let H be equipped with the induced norm. We use B {x} dd H and B {x} dd E to denote the closed unit balls in the bands generated by the element x in H and in E, respectively, i.e., the intersection of the unit ball B(E) of E with the bands generated by the element x in H and in E. If z ∈ H + then [−z, z] H and [−z, z] E denote the corresponding order intervals in H and in E, respectively. We agree to drop the subscript E in cases, when no sublattice of E is pointed out.
Finite elements in sublattices
The finiteness of elements in vector lattices is an order isomorphic property, i.e., if two vector lattices E and F are order isomorphic by means of an order isomorphic mapping T , then ϕ ∈ E is finite if and only if T ϕ is finite in F . For sake of convenience we state this property in the following proposition without proof. A linear operator T : E → F is called a lattice (order) isomorphism if T is bijective and satisfies the conditions T, T −1 ≥ 0.
Proposition 2.1 Let E and F be vector lattices and T
It is worth to point out that if T : E → F is not a lattice isomorphism then for ϕ ∈ Φ 1 (E), the element T ϕ may fail to be finite in F , even if T is an interval preserving 1 (linear) lattice homomorphism, i.e., satisfies the condition
For example, let E = ∞ , F = c 0 , and
where 0 < t n ∈ R and t n → 0. It is easy to see that T is an interval preserving lattice homomorphism but not a lattice isomorphism. Although
, where e is the sequence of E with all members equal to 1.
In [3] we used the generalized order unit to characterize the finiteness of elements in a Banach lattice (or even in a vector lattice). Based on this we deduce another characterization of finite elements in Banach lattices by using the order boundedness of the closed unit balls of principal bands.
Theorem 2.2 Let E be a Banach lattice and let ϕ ∈ E. Then the following statements are equivalent:
dd has a generalized order unit.
So it is clear that z is a generalized order unit for {ϕ} dd .
Remark 2.3
If E is only a normed vector lattice without norm completeness (i.e., not a Banach lattice) then the order boundedness of B {ϕ} dd yields that the element ϕ is finite but the converse, in general, is false.
For instance, let 0 < ϕ ∈ L 1 (0, 1) and take the ideal generated by ϕ in L 1 (0, 1)
is a normed 3 vector lattice which fails to be a Banach lattice (cf. [12, 17.18] ) and each of its elements is finite in E as E has an order unit. On the other hand, since Φ 1 (L 1 (0, 1)) = {0} (see [3, Cor. 3.3] ), the closed unit ball of {ϕ} dd is not order bounded in L 1 (0, 1). It follows that B {ϕ} dd is not order bounded in E although the norm on E is order continuous.
Now we are going to deal with the relations (i)-(iii). Consider first some natural cases of sublattices.
Let E be a normed vector lattice and let E be its norm completion. Then E is a Banach lattice and E is a dense vector sublattice in E. In general, the inclusion Φ 1 (E) ⊂ Φ 1 (E) does not hold.
1) If the vector lattice c 00 (of all real sequences with finite support) is equipped with the supremum norm then it is not norm complete. The norm completion of c 00 is the Banach lattice c 0 . In this case Φ 1 (c 00 ) = c 00 = Φ 1 (c 0 ).
2) The vector lattice C[0, 1] equipped with the integral norm induced from
We do not know whether the inclusion
Let E be an Archimedean vector lattice and H ⊂ E a vector sublattice. 
It follows that ϕ ∈ Φ 1 (E) and z is even an E-majorant of ϕ.
If ϕ ∈ H and ϕ ∈ Φ 1 (E) with the E-majorant z then, according to (2.1), take y ∈ H such that |z| ≤ y. It is easy to verify that y is an H-majorant of ϕ, so ϕ ∈ Φ 1 (H).
Let now E be an Archimedean vector lattice and let E be its Dedekind completion (for its existence and properties see [4, IV.32] ).
Then, in particular, E can be identified with a vector sublattice H of E possessing the property (2.1).
Corollary 2.5 There holds ϕ ∈ Φ 1 (E) if and only if
Concerning the inclusion (i) we mention two extreme cases. On the one hand, if (i) is always true whenever H is an arbitrary ideal of a Banach lattice E then Φ 1 (E) = E, i.e., every element x of the Banach lattice E must be finite. This follows from the fact that the principal ideal I x generated by x in E contains x as an order unit, and therefore satisfies
On the other hand, the relation Φ 1 (H) = {0} = Φ 1 (E) is also possible as the following example shows.
Then it is easy to verify that a) H is a norm closed vector sublattice (but not an ideal) of E which is lattice isomorphic to p , b) There is a positive projection
Conclusion The inclusion (i) may be false in the cases of (a) H is an arbitrary ideal of E; (b) H is a norm closed sublattice which is the range of a positive projection on E.
However if H is a closed ideal of a Banach lattice we have We discuss now the inclusion (ii) and start with two examples. 
Theorem 2.7 Let E be a Banach lattice and let H be a closed ideal of
where e k denotes the element of H with the k-th entry equal to 1 and all others are 0. Therefore
Another example shows that even for a band H the inclusion (ii) may fail.
Example 2.9
Let E = C[0, 2] and let H c = {x ∈ E : x(t) = 0 for all t ∈ [0, c]} for each c ∈ (0, 2). Then
Before proving these assertions we draw the corresponding
Conclusion The inclusion (ii) may be false in the cases of (a) H is a closed ideal of E; (b) H is a band of E.
P r o o f. a) is obvious as E has an order unit. For b) it is clear that H c is an ideal for each c ∈ (0, 2). We establish that H c is even a band in E. Indeed, if x α ∈ H c and x = sup x α in E then for any λ ∈ (0, c) let x λ,c ∈ E be the function defined by
Then x α ≤ x · x λ,c ≤ x for all α, since one has x α (t) = 0 then t > c and x λ,c (t) = 1 for t ∈ (c, 2]. Because of x · x λ,c ∈ E and x = sup x α in E, it follows that x = x · x λ,c which yields that
Hence the continuity of x implies that x(c) = 0, i.e., x ∈ H c and so, H c is a band. Next we show that Φ 1 (H c ) = u>c H u , i.e., an element ϕ ∈ H c is finite (and, of course, automatically totally finite) if there is a positive number δ ϕ such that ϕ(t) = 0 for t ∈ [0, c + δ ϕ ]. For u > c it is easy to verify that x λ,u ∈ H c is a generalized order unit of the band H u for each λ ∈ (c, u). Since any band in a Banach lattice is closed (see [5, 
It is easy to see that z(t k ) > 0 for k ∈ N. By taking z 0 = √ z ∈ H c we obtain for some C z0
It follows that
This implies 1 ≤ C z0 z(t k ), what is impossible as z(t k ) → z(c) = 0. Therefore t * > c, i.e., ϕ ∈ H t * so that b) holds.
If the sublattice H is the range of a positive projection on E then the situation is much better.
Proposition 2.10 Let E be a vector lattice and let H be a sublattice of E. If there is a positive projection
www.mn-journal.com P r o o f. For any ϕ ∈ Φ 1 (E) there exists z ∈ E + such that for each x ∈ E there is a real C x > 0 such that
It follows from the positivity of P that P (|x| ∧ n |ϕ|) ≤ C x P z = C x z 0 for n ∈ N where z 0 = P z ∈ H. In particular, if now ϕ belongs to H and if x ∈ H then |x| ∧ n |ϕ| ∈ H and, hence |x| ∧ n |ϕ| ≤ C x z 0 for n ∈ N, which shows that ϕ is finite in H, i.e., ϕ ∈ Φ 1 (H).
At present we do not know whether the conditions of Proposition 2.10 are sufficient for the inclusion P Φ 1 (E) ⊂ Φ 1 (H) to hold. However, for a projection band H of E, the next result (for arbitrary vector lattices) shows that (iii) and therefore also the relations (i) and (ii) hold.
Theorem 2.11 If H is a projection band in a vector lattice E and P H is the band projection from E onto H,
Then |x| ∧ n |ϕ| ≤ C x z for any x ∈ E and n ∈ N. Applying P H to the last inequality gives
2)
Using the representation of ϕ = P H ϕ + ϕ 0 , where ϕ 0 ⊥ x for any x ∈ H (see [12, Th. 11.4] ) and
and so, according to (2.2) and (2.
If ψ ∈ Φ 1 (H) then there exists an H-majorant 0 ≤ h 0 ∈ H such that for any x ∈ H the inequality |x|∧n |ψ| ≤ C x h 0 holds for some 0 < C x and all n ∈ N. If x is an arbitary element of E then |x| = P H |x|+ x , where x ⊥ h for any h ∈ H, in particular, x ∧ |ψ| = 0. This yields
Consequently, ψ ∈ Φ 1 (E), which shows that Φ 1 (H) ⊂ Φ 1 (E). Now one has
which proves the required equations.
Since in a Dedekind complete vector lattice every band is a projection band one has the following Corollary 2.12 Let H 1 , . . . , H n be bands in a Dedekind complete vector lattice E.
Indeed, if E = H 1 ⊕ · · · ⊕ H n and P i are the band projections onto H i then by the theorem P i Φ 1 (E) = Φ 1 (H i ), i = 1, . . . , n. Therefore each ϕ ∈ Φ 1 (E) has a unique representation as ϕ = ϕ 1 + · · · + ϕ n , where
Now we investigate the question under which conditions the ideal Φ 1 (E) itself is a projection band in E. If the vector lattice E satisfies one of the conditions Φ 1 (E) = E or Φ 1 (E) = {0}, then it is the case. The general answer is that E should be the order direct sum of these two cases as the next result shows. 
and therefore
Remark 2.14 Obviously, the assertion of the theorem holds if Φ 1 (E) is a band in a Dedekind complete vector lattice E.
Finite elements in the bidual of a Banach lattice
The next result shows that every finite element in a Banach lattice E is also finite in its bidual E . To do this we need the following lemma, which might be of independent interest.
Lemma 3.1 Let E be a Banach lattice and H a closed ideal of E. If i : H → E is the inclusion mapping and i : E → H is the adjoint mapping of
e., the value of i on f is the restriction of the functional f to [5, Cor. 1.3.4] ). In particular, f (x) = supf α (x) = 0 for all x ∈ H + , and hence for all x ∈ H, i.e., f ∈ N (i ) and 
as desired.
Theorem 3.2 Let E be a Banach lattice and let j : E → E be the canonical embedding. Then j(Φ
P r o o f. For an arbitrary element ϕ ∈ E the set H = {ϕ} dd is a closed ideal in E as in a normed vector lattice every band is closed. If i : H → E denotes the corresponding inclusion mapping, then by Lemma 3.1 we have
It is easy to see that (jϕ)(f ) = f (ϕ) = 0 for all f ∈ N (i ), therefore, the functional jϕ must belong to 
As jϕ belongs to N (i ) d , it is clear that jϕ is a finite element in E .
Remark 3.3 If E is identified with
The inverse inclusion is false, in general. Simply take E = c 0 and compare with Example 2.8.
Finite elements in direct sums of Banach lattices
Let I be an arbitrary index set and for each i ∈ I, let X i be a Banach lattice, where the norm in each space X i is denoted by · . Consider the following spaces
Under the pointwise defined linear operations and order, i.e., for λ, µ ∈ R
and the norm defined by
the spaces E 0 and E p , 1 ≤ p ≤ ∞, are Banach lattices (for details see [2] ). Let J j : X j → E p denote the canonical lattice embeddings into the spaces E p for p = 0 and 1 ≤ p ≤ ∞, i.e.,
Then J j X j is a projection band in E p for p = 0, 1 ≤ p ≤ ∞ and
For the finite elements in the Banach lattices E p , where p = 0 or 1 ≤ p ≤ ∞ we have the following Theorem 4.1 With the notations from above there hold the following statements. 1) For the spaces E 0 and E p with 1 ≤ p < ∞:
for all i ∈ I and ϕ i = 0 for all but finite many i ∈ I. 2) For the space E ∞ :
P r o o f. The "if" part of 1) is clear due to (4.1) and for p = 0 and 1 ≤ p < ∞ the Φ 1 (E p )'s are linear spaces. If ϕ = (ϕ i ) i∈I ∈ Φ 1 (E p ), for p = 0, 1 ≤ p < ∞, then Theorem 2.11, applied to our situation, says
and therefore yields
According to (4.1) we have ϕ i ∈ Φ 1 (X i ) for all i ∈ I. Now we claim that ϕ i = 0 for all but finite many i ∈ I. Otherwise there is a sequence {i k } ⊂ I such that ϕ i k > 0 for k ∈ N. If put
dd for all k ∈ N. According to Theorem 2.2 there exists 0 ≤ z = (z i ) i∈I ∈ E p such that
from where ψ i k ≤ z i k follows, and hence 1 = ψ i k ≤ z i k for k ∈ N is easily obtained. This is impossible as z ∈ E p . Thus 1) holds. The "only if" part of 2) is clear from the proof above. For the "if" part we only need to mention the fact that B {ϕ} dd = (x i ) i∈I ∈ E ∞ : x i ∈ B {ϕ i } dd for all i ∈ I .
The next example shows that the conditions ϕ i ∈ Φ 1 (X i ) and ϕ i ≤ 1 for all i ∈ I are not sufficient for an element ϕ = (ϕ i ) i∈I ∈ E ∞ to be finite. This means the element z = (z i ) i∈I consisting of the z i ∈ X i mentioned in statement 2) of the theorem must belong to E ∞ . Consequently the condition sup i∈I z i < ∞ in the theorem can not be dropped. Put E = ∞ (N, X n ) = ∞ (X n ). Then a) X n is an AM-space with an order unit, and hence Φ 1 (X n ) = X n for n ∈ N, b) E is an AM-space and there exists ϕ = (ϕ i ) i∈I ∈ E such that ϕ i ∈ Φ 1 (X i ) and ϕ i ≤ 1 for all i ∈ I, but ϕ is not finite in E.
P r o o f. Assertion a) and E being an AM-space are clear. b) Take ϕ = (ϕ n ) ∈ E with ϕ n = 1, . . ∈ X n , then ϕ n ∈ Φ 1 (X n ) = X n and ϕ n n = 1 for all n ∈ N. It is easy to verify that X n = {ϕ n } dd for each n ∈ N and hence E = {ϕ} dd . Now by Theorem 2.2 it suffices to show that the closed unit ball of E is not order bounded. Indeed if there would be an z = (z n ) ∈ E + with B(E) ⊂ [−z, z], then B(X n ) ⊂ [−z n , z n ] for all n ∈ N. Let e k be the element in X n with the k-th entry equal to 1 and all others are 0, then e 1 + · · · + e k ∈ B(X n ) for all k ∈ N and, therefore e 1 + · · · + e k ≤ z n . It follows that e = (1, 1, . . . , 1, . . . ) ≤ z n and z n n ≥ e n = n for each n ∈ N, this is impossible since z = (z n ) ∈ E.
